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1. Introduction

Let K C R™ be a closed, convex cone and < > = | denoted the inner product [respectively, norm]
in finite-dimensional spaces. In this paper, we study a global bifurcation of periodic solutions of differential
variational inequalities (DVIs) of the form:

2 (t) = A(u)()+f(tx() ()u) for a.e. t € 0,17,
< Gt x(t), 1) + > 0 forae. tel[0,T], Vuek, (1.1)
)—x(T) and u()EK7
where f:[0,7] x R? x R™ x R? —» R? G: [0,T] x R? x R? — R™ and F: R™ — R™ are given continuous

maps; A: R? — R?2*? is a map defined as
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A(p) = (Cul o ) . 1= (a1, o), (1.2)

Cl2  —Cliq

while ¢ > 0 is a fixed number and i € R? is a parameter.

The notion of DVIs was used by Aubin and Cellina [3] in 1984. However, DVIs were first systematically
studied by Pang and Stewart [33]. It is shown that DVIs are useful for representing many applied
mathematical models including the differential complementarity problem, the variational inequality of
evolution and the extended system (see [33] for more detail).

Since K is a closed convex cone the variational inequality problem and the complementarity problem have
the same solution set (see [29]). Hence, problem (1.1) is equivalent to the following nonlinear differential
complementarity problem

o' (t) = A(p)z(t) + f(t, z(t), u(t), p) for a.e. t € [0, 7],
K >u(t) L G(t,z(t), u) + F(u(t)) € K* for ae. t€[0,T], (1.3)
z(0) = =(T),

where K* is the dual cone of K.

The early version of the differential complementarity problem is the variational inequality of evolution
which was introduced by Henry [24,25] as a class of differential inclusions known as projected differential
inclusions. Among a large number of works concerning the differential complementarity problem let us
mention the work of Hipfel [26] for the nonlinear differential complementarity problem, the work of
Heemels [23] and Camlibel [7] for the linear complementarity problem. The stability theory for differential
complementarity problem is investigated in [1,8,19,17,18] (see also the references therein).

For the study of the global bifurcation of solutions of problem (1.1) (or equivalently, problem (1.3)) we
replace (1.1) by a parameterized family of differential inclusions, and then the global bifurcation theory
for inclusions is applied. Let us recall that the multiparameter global bifurcation problem for inclusions
with compact convex set-valued mappings was first studied by Alexander and Fitzpatrick [2]. Gérniewicz
and Kryszewski [21,22] extended the result for the case of acyclic set-valued mappings in finite-dimensional
spaces. Recently, Gabor and Kryszewski [14,15] studied the multiparameter global bifurcation problem for
inclusions with linear Fredholm maps of nonnegative index.

One frequently occurred in the study of global bifurcation is the problem of evaluation of that called
global bifurcation index (see, e.g. [14,30,32]). In [30] Kryszewski used the method of guiding functions to
evaluate the global bifurcation index and to describe the global structure of branches of periodic orbits for
families of differential inclusions of the form

{u’g)f gt u(t), ), (1.4)

where g: [0,T] x R" x R¥ —o R” is a upper-Carathéodory multivalued mapping with compact and convex
values. Another construction for the evaluation of the global bifurcation index (for one-parameter case of
(1.4)) via guiding functions and integral guiding functions was suggested by Loi and Obukhovskii (see [32]).
This construction also applied to study the global bifurcation of periodic solutions of DVIs with one-
parameter (see [31]).

In the present paper, after necessary preliminaries, in Section 3 by using the method of integral guiding
functions we evaluate the global bifurcation index at (0,0) for problem (1.4) via the index of the guiding
function. From the fact that the index of the guiding function is a non-zero element we describe the global
bifurcation of solutions of (1.4). In Section 4 it is shown how the abstract result can be applied to study the
global bifurcation of solutions of (1.1).
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2. Preliminaries

2.1. Notation

Throughout this paper by the symbol C we denote the space C([0,T]; R™) of continuous functions and by
L?P (p > 1) the space LP([0,T];R™) of pth integrable functions with usual norms:

. ;
Jelle = ma [o(6)] and |f||p=</0 If(S)I”dS> .

)

An open ball of radius r centered at 0 in C [R"] is denoted by B¢(0,r) [respectively, B™(0,7)]. The unit open
ball [unit sphere] in R™ are denoted by B™ [resp., S"1].

Consider the space of all absolutely continuous functions z : [0, 7] — R™ whose derivatives belong to LP.
It is known (see, e.g. [4]) that this space can be identified with the Sobolev space W1?([0,T]; R") endowed
with the norm

1
lzllw = (Il + ll2"115) ” -

We will denote this space by W1?. Notice that (see, e.g. [10]), for the case p = 2, the embedding W2 < C is
compact. By the symbol W;* we will denote the subspace of all functions z € W'? such that z(0) = =(T).

2.2. Multimaps

Let X,Y be Banach spaces. Denote by P(Y) [Cv(Y), Kv(Y')] the collections of all nonempty [respectively,
nonempty closed convex, nonempty compact convex| subsets of Y.

Definition 1 (See, e.g. [5,6,20,28]). A multivalued mapping (multimap) X': X — P(Y) is said to be: (i)
upper semicontinuous (u.s.c.) if for every open subset V' C Y the set

2 V)={reX: X(x)CV}
is open in X; (ii) closed if its graph {(z,y) € X x Y :y € X(x)} is a closed subset of X x Y; (iii) compact,
if the set X(X) is relatively compact in Y.

Definition 2. Let F : X — P(Y') be a multimap. For a given € > 0, a continuous map f: X — Y is called
an e-approximation of the multimap F if for each x € X there exists 2’ € X such that ox(z,2’) < e and

f(x) € O(F(a")),
for all x € X, where O,(M) is the e-neighborhood of the set M.

It is easy to see that the e-approximation may be equivalently defined as the map whose graph belongs to
the e-neighborhood of the graph of the corresponding multimap.

Proposition 1 (See, e.g. [6,28]). For each u.s.c. multimap F: X — Cv(Y) and € > 0 there exists a
continuous map f-: X — Y such that

(i) for every x € X there exists ' € X such that p(z,z') < ¢ and
fe(x) U F(x) C Oc(F(2));

(i) fo(X) C coF(X), where co denotes the convex hull of a set.
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2.8. Variational inequalities

Let H be a real Hilbert space with inner product <-, > and norm || - ||; K C H be a closed convex subset.
Let us recall that a mapping g: K — H is said to be:

(a) continuous on finite-dimensional subspaces if it is continuous on K N U for every finite-dimensional
subspace U of H with K NU # (). (Notice that every continuous mapping from K to H is continuous
on finite-dimensional subspaces)

(b) pseudo-monotone if for any z,y € K,

(z—y,g(y)) >0 implies (z —y,g(z)) > 0.
(¢) monotone if
<33 —y,9(z) — g(y)> >0 forall z,y € K.

(d) strongly monotone if there exists 8 > 0 such that

(#=y.9(2) = g(y)) = Bl —y|* forallz,y € K.
(e) coercive if

(x,9(x))

2 — o0 as|z|]| > o0 and z € K.
x

Lemma 1 (See, Lemma 2.1 [9]). Let g: K — H be a pseudo-monotone mapping which is continuous on
finite-dimensional subspaces. Then w € K is a solution of

(u—w,g(w)) >0 foralluec K
if and only if
<u7w,g(u)>20 for all uw € K.

Lemma 2 (See, Lemma 3.1 [29]). Let K be a closed convex cone in H and g a mapping from K to H. Then
w* € K satisfies

<u - w*,g(w*)> >0 foralue K
if and only if

g(w*) € K* and (w*, g(w*)) =0,
where K* is the dual cone of K.

Lemma 3 (See, Theorem 3.2 [9]). Let K be a closed convex cone in H and g: K — H be a coercive and
pseudo-monotone mapping which is continuous on finite-dimensional subspaces. Then there exists x* € K
such that

(u—2z*,9(z*)) >0 forallue K.
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2.4. Linear Fredholm operators
Let X,Y be Banach spaces.

Definition 3 (See, e.g. [16]). A linear bounded operator L: domL C X — Y is called Fredholm of index
q (¢>0) if

(1i) ImL is closed in Y
(2i) KerL and CokerL =Y /ImL have finite dimensions and, moreover,

dim KerL — dim CokerL = q

Let L: domL C X — Y be a linear Fredholm operator of index ¢, then there exist projectors Pp: X — X
and Qr: Y — Y such that ImP;, = KerL and Ker@Qp = ImL. If the operator

Lp,: domL N KerP;, — ImL

is defined as the restriction of L on domL N KerPy, then it is clear that Lp, is an algebraic isomorphism
and we may define Kp, : ImL — domL as Kp, = L;Ll.
For the case ¢ = 0, if we let II;,: Y — CokerL be the canonical surjection:

Il z=2z+1ImL
and Ay : CokerL — KerL be a one-to-one linear mapping, then the equation
Lxr=y, yeY
is equivalent to the equation
(i — Pr)z = (Al + K1)y,
where i denotes the identity operator and K : Y — X be defined as
Kp =Kp, (i —Qr).

2.5. Coincidence index

For reader’s convenience, we recall in this section the definition of coincidence index presented in [30] (see
also [11-13]). Firstly, let us recall the definition of the topological degree of a continuous map between two
finite-dimensional spaces (for the notion of the homotopy groups and the cohomotopy sets we refer readers
to [27,34]).

Let U C R™ be an open bounded subset and f: U — R” a continuous map, where m > n > 1. Assume
that f(x) # 0 for all « belonging to the boundary OU of the set U. Therefore, the distance d(0, f(0U)) from
0 to the set f(OU) in R™ is positive. Taking p = 3d(0, f(dU)), we obtain f(dU) C R™\ B"(0, p). Hence, the
map

f:(U,0U) — (R",R™\ B"(0,p))
induces a map between cohomotopy sets
PRk (R™,R"\ B"(0,p)) — «"(U,0U).

Consider the following sequence of maps

;
(R, R™\ B0, p) )L 7" (T, 0U) <
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A (e R\ U) 5 (R R B (0,1,
where r > 0 is such that U ¢ B™(0,r),
ir: (U,0U) — (R™ R™\ U),
and
iyt (R™,R™\ B™(0,r)) — (R™,R™\ U)

are inclusion maps.
The map i* is a bijection (by the excision property), therefore according to the relations 7(S™) =

7 (R™,R™\ B"(0,p)) and 7"(S™) = 7" (R™,R™ \ B™(0,7)), the map
w = b0 (i) o fF 7(ST) — 77 (S™)

is well-defined.

Definition 4. The element wy(1) € 7™ (S™) = 7,,(S™) is called the topological degree of the map f on U and
it is denoted by deg (f,U), where 1 is the homotopy class of the identity map id: S™ — S™ in 7" (S") = Z.

Notice that the topological degree deg(f,U) does not depend on the choice of r > 0. For illustration of the
above definition let us recall an example presented in [14, Example 4.1]

Example 1. Let U = B™ and f = Flgm_s Sm=1 — R™\ B"(0, p), where p is taken as above. Consider the
diagram

# R _
W"(S”) o~ Wn(R”,R” \ Bn(()’p)) S S 7T7L(Bm,Sm_l) o~ 7.‘_n(Sm) N ﬂ.m(Sn)

T -

anl(snfl) o~ W”fl(R" \ B”(O,p)) f R ,n_nfl(smfl) = s ﬂ_m_l(snfl)

where 9§, 01 are the respective coboundary operators and X' is the suspension homomorphism. This diagram
is commutative. Therefore, if f: (B™,S™~!) — (R",S""1), then deg(f, B™) = X([f]) € mm(S™), where
[f] € Tm_1(S™1) is the homotopy class of f: S™~1 — §n—1,

Now let X,Y be Banach spaces; U C X an open bounded subset; L: X — Y a linear Fredholm map
of index ¢ > 0 and F: U — Kv(Y) a compact u.s.c. multimap such that Lx ¢ F(x) for all x € dU. Let
0= %disty (0, (L- F)((?U)) For € € (0,6] let p.: F(U) — Y be the Schauder projection of the compact set
F(U) into a finite-dimensional subspace Z of Y such that ||p.y —y|| < € for all y € F(U). Denote by W’ the
finite-dimensional subspace of Im L such that Z C W = W/ @ Im(Qpr). Set T = L=Y(W),Ur =UNT. It is
clear that L;.: T'— W is Fredholm operator of index ¢ and

dimT = dim W + q.

W.l.o.g. assume that dim W =n > ¢+ 2. Then the coincidence index Ind(L, F,U) is defined as

Definition 5.
Tnd(L, F,T) := deg(L — p. o f,, Ur) € x"(S™+%) = 11,

where f, is an k-approximation of F' on Ur while x € (0,¢) is sufficiently small and I, denotes gth stable
homotopy group of spheres (see, e.g. [27]).
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The given coincidence index has the following properties.

(i) (Existence) If Ind(L, F,U) # 0 € II,, then there exists x € U such that Lz € F(z).
(ii) (Localization) If U’ C U is open and

C={zecU:LrecF(x)}ClU,

then Ind(L,F,U) = Ind(L, F,U").
(ii) (Additivity) If Uy, Us are open bounded disjoint subsets of X and U = U; U Us, then

Ind(L,F,U) = Ind(L, F,Uy) + Ind(L, F, Us).
(iii) (Restriction) If F(U) belongs to a subspace Y’ of Y, then
Ind(L,F,U) = Ind(L, F,Ur),

where Up = U NT, T = L~ (Y").
(iii) (Homotopy) If there exists a compact u.s.c. multimap @: U x [0,1] — Kv(Y) such that Lz & &(z, )
for all (z,\) € U x [0,1], then

Ind(L, 9(-,0),U) = Ind(L, #(-,1),0).

3. A multiparameter global bifurcation theorem

Consider a family of differential inclusions of the form

2'(t) € F(t,x(t),u) fora.e. t€l0,T],
2(0) = =(T),

where F: [0,T] x R® x R¥ — Kv(R") be such that
(F1) for every (z,p) € R™ x R¥ multifunction F(-, z,p): [0,T] — Kv(R™) has a measurable selection;

(F2) for a.e. t € [0, 7] multimap F(t,-,-): R* x RF — Kv(R") is u.s.c;
(F3) for every bounded subset 2 C R™ x RF there exists a positive function v, € L2[0,T] such that

[F(t, 2, w)| = max{ly|: y € F(t,2,1)} < va(t),

for all (z,u) € 2 and a.e. t € [0,T];
(F4) 0 € F(t,0,pu) for all 4 € R and a.e. t € [0,T).

From conditions (F1)—(F3) it follows that the superposition multioperator
Pr: C x RF — Cu(L?),
Pr(z,p) = {f € L f(t) € F(t,z(t),p) for ae. t € [0,T]},

is defined and closed (see, e.g. [5,6,20,28]).
Define the map L: quw’Q — L%, Lz = 2. It is clear that L is a linear Fredholm operator of index zero and

Ker L =2R"™ = Coker L.
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The projection
I: £?> — R",

is defined as

T
mn) =5 [ feds

and the homeomorphism Ay : R™ — R"™ is an identity operator.
Problem (3.1) can be substituted by the following problem

Lz € Pr(z, p),
or equivalently,
x € Gz, p), (3.2)
where

G: C xR* = Kv(C),
G(z,p) = Pra + (Il + Kr) o Pr(z, p).

Definition 6. By a solution to problem (3.1) we mean a pair (z, 1) € C x R* that satisfies (3.2).

It is clear that problem (3.1) has the trivial solution (0, ) for all u € R¥. Denote by S the set of all nontrivial
solutions of (3.1).

Definition 7. A point (0, 1) € C x R* is said to be a bifurcation point of problem (3.1) if for every open
bounded subset U C C x R* containing (0, o), there exists a solution (z, 1) € U to problem (3.1) such that

x # 0.

Definition 8. A family of continuously differentiable functions V,,: R" — R, u € R*, is said to be a family of
local integral guiding functions for (3.1) at (0,0), if there exists 9 > 0 such that for each € € (0,£¢) there is a
sufficiently small number 6. > 0 (which continuously depends on &) such that for every x € C,0 < ||z||¢ < e,
the following relation holds

(Vi sis))ds > o

for all € S¥~1(0,¢) and f € Px(x, u), where VV,, denotes the gradient of V.
Lemma 4. If V, is a family of local integral guiding functions for (3.1) at (0,0), then for every ¢ € (0,ep):

(a) inclusion (3.1) has only trivial solutions (0, 1) on Be(0,0.) x S¥=1(0,¢);
(b) equation V'V, (w) =0 has only trivial solutions on B"™(0,6.) for all p € S¥=1(0,¢).

Proof. (a) Assume that (z, 1) € Be(0,0.) x R¥, |u| = ¢, is a nontrivial solution to (3.1). Therefore, there
exists f € Px(x, ) such that 2/(t) = f(t) for a.e. t € [0,T]. Since |u| =€ and 0 < ||z|¢c < . we have

[ (@vitaton. sar > o
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On the other hand,

T T
/O (VVa(x(t)), f(t))dt =/O (VVa(a(t), ' (t))dt = V,(2(T)) = Vyu(2(0)) =0,

giving a contradiction.

(b) Assume that w € B™(0,4.) is a nontrivial solution to equation VV,,(w) = 0 for some pu € S¥~1(0,¢). For
any f € Pr(w, u), since |p| = ¢ and 0 < |Jw|¢ = |w| < . we have

T
/ (VVu(w), f(t))dt > 0.
0
Therefore VV,,(w) # 0, that is a contradiction. M

For each ¢ € (0,¢), set O, = Btk (0, €2+ (5?) and define the map
V.: 0. —» R,
Vo(w, i) = {=VV,(w)} x {e” = |uf*}.
From Lemma 4 it follows that \75 has no zeros on the sphere 0O.. Hence, the topological degree

deg(V, 07) = wi: (1) € a1 (S™HH) = my (5™

e

is well-defined.
Let us show that this degree does not depend on the choice of € € (0,2¢). In fact, let €1,62,0 < &1 < &g <
€0, be arbitrary numbers. For each A € [0,1], set ex41 = Aea + (1 — Ney,

OEA+1 = B"+k (0’ \/ €§\+1 + 53A+1 )7

where is the constant from Definition 8, and consider the map

EXxt1

Vi 0., — R

EXF1

Vi(w, 1) = {=VV,u(w)} x {341 — |ul?}.

Assume that there exist A, € [0,1] and (ws, p.) € 00 such that

EXNp+1
V)?* (W, i) = 0,

or equivalently,

VV,. (wy) =0,
lus] = ex+1-

From (ws,pus) € 00, ,, it follows that |w.| = dc, ,,. That contradicts to Lemma 4(b). Hence, the
topological degree deg(Vz, O.) is the same for all € € (0,&q). This element is called the index of the family
of local integral guiding functions V,, and is denoted by ind V.

Theorem 1. Let conditions (F1)-(F4) hold. In addition, assume that there exists a family of local integral
guiding functions V,, for (3.1) at (0,0) such that indV,, # 0. Then there is a connected subset R C S such
that (0,0) € R and either R is unbounded or R > (0, u) for some p, # 0.
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Proof. Let us represent the space £2 as
L= Lo Ly,
where £y = Coker L and £; = I'm L. The decomposition of an element f € £2 is denoted by
f=fo+ i, fo€ Lo f1 €Ly

Define the map

0:CxRF - C xR, Lz, u)=(z,0).
For r,e > 0 set

Bre = {(z,1) € Cx R*: ||z + [uf* < r? + €%},

and consider the multimap

G,: By — Kv(C x R),

Gz, 1) = {G(a,m)} x {r* — [lz|Z}.

It is obvious that £ is a linear Fredholm map of index k — 1.

Step 1. We will show that G, is a compact u.s.c. multimap. Indeed, since the superposition multioperator

Pr is closed and the operator II;, + K, is linear and continuous, the multimap (II;, + K1) o Px is closed
(see, e.g. Theorem 1.5.30 [6]). Now, by virtue of (F3) the set Px(B, ) is bounded in £2. Therefore, the
set (IIp + K1) o Pr(By.) is bounded in W%’Q. From the compactness of the embedding W'? — C and the
fact that the map Pr, has its range in a finite-dimensional space it follows that the set G(B,..) is relatively

compact in C. Compact and closed multimap is u.s.c. So, the restriction G|, _, and hence G, is a compact

u.s.c. multimap.

Step 2. Choosing arbitrarily € € (0,¢0) and sufficiently small r € (0,0.), where ¢ and J. are the constants

from Definition 8, we will show that ¢(z, u) & G,(x, u) for all (x, ) € 0B, ..
Indeed, assume to the contrary that there is (x, ) € 0B, such that ¢(x,u) € G,(x, ). Then,
x € G(x, ),
and
Jalle =
From (3.3) it follows that there is f € Pz(z, u) such that z'(t) = f(¢) for a.e. t € [0,T].

Applying (3.4), we obtain |u| = €. Moreover, from ||z|¢ = r < d. we have

[ (Ttet) s)s > 0

for all u € S*=1(0,¢).
On the other hand,

T T
| (Vateo. 16)as = [ (9Vatalo), o/ 9)as =0,
0 0

giving a contradiction. Therefore, the coincidence index Ind(¢, G,, B, ) is well-defined for each ¢ € (0, )

and r € (0,9;).
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Step 3. Fix € € (0,¢0) and r € (0,0.). Let us evaluate Ind(¢,G,, B, ). Toward this goal, consider the
multimap X': B, . x [0,1] — Kv(C x R),

2(x, 1. A) = {Pra+ (I, + K1) o a(Pr(z, 1), A) } x {7},
where
7= Ar? = [[2l2) + (1 = N (|ul* - %),
and a: £? x [0,1] — L2,
alf,A) = fo+Afi, fo € Lo, f1 € L1, f=fot fr.
Following Step 1 we can easily prove that X is a compact u.s.c. multimap.
Assume (z*, u*, Ay) € 0B, x [0,1] is such that ¢(z*, p*) € X(a*, p*, A*). Then
X (1 = [l2[12) + (1= A)(|u]? = %) = 0, (3.5)
and there is a function f* € Px(z*, u*) such that

a* = Prpx* + (I, + Kr) o a(f*, \¥)

() =\
0=1s,

or equivalently,

where fi + fi = f*, f§ € Lo and f{ € L;.
From (z*, u*) € 0B, it follows that
r? =l = |u* — .
Hence, from (3.5) we obtain
lo*llc =7 and |p*] = .

From the choice of r it follows that
T
/ (VVe (2%(5)), f(s))ds > 0 for all f € Pr(z*,p*).
0
If A* £ 0: then

T T
| (e @ @) ds = [ (TViela (9. 5507 0)) ds

giving a contradiction.
If A* =0 then (z*)" = 0. Therefore 2* = a for some a € R",|a| = r. According to Definition 8, for every
f € Pr(a, n*) we have
T
/ (VV,(a), f(s)) ds = vv,ﬁ(a),/ £(s) ds> = T(VV,-(a), I f) > 0, (3.6)
0

Consequently, I, f # 0 for all f € Pr(a,p*), in particular, I, f* # 0. But I f* = I f§ = 0. That is a
contradiction.
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Thus multimap X is a homotopy on 0B, . connecting the multimaps X'(x, u, 1) = G, (z, 1) and
2(x,1,0) = {Ppa + I Pr(z, p)} x {|uf* -}
By virtue of the homotopy invariance of the coincidence index we obtain
Ind((,G,,By.) = Ind((, ¥(-,-,0), B, .).

The multimap Pp, + II;,Px takes values in R™, so applying the restriction property of the coincidence degree
we have

Ind(¢, 5(-,+,0), B,.c) = Ind(¢, 2(-,,0),U,..),
where U,.. = B, . NR"*.
In the space R™*! the vector field £ — X(-,-,0) has the form
Uy, 1) = D(y. 1, 0) = {~HLPr(y. p) } x {e* = |ul}, Yy, p) € Ure.
Consider now the multimap: I': U, . x [0,1] — Kv(R"!) defined as
Iy, A) = {=MIPr(y, p) + (A= 1)VV,u(y) } x {2 = |ul*}.

It is clear that I' is a compact u.s.c. multimap. Assume that there exists (y, u, A) € U, . x [0,1] such that
0 € I'(y, u, A). Then we obtain

lul =«
(A =1)VV,.(y) € MILP£(y, p),

and by virtue of (3.6) we get the contradiction. So, I' is a homotopy connecting £— X(-, -, 0) and 176, therefore,
by assumption

Ind(4,2(-,-,0),U,.) = deg(V.,U,..) = deg(Vz,0.) = indV,, # 0. (3.7)

Step 4. Let @ C C x R* be an open set defined as
O = (C xRF)\ ({0} x (R*\ B*(0,&0))).
From Ind (¢,G,, B;) # 0 for every e € (0,¢¢) and for all » € (0, d.) it follows that there exists (z, 1) € By,
such that ¢(x, u) € G, (z, 1), or equivalently
{z € Gla,p),
zlle =

i.e., (z,p) € By, is a nontrivial solution to problem (3.2). Therefore, (0,0) is a bifurcation point of problem
(3.2), and hence, it is a bifurcation point of problem (3.1). Denote by R C SU {(0,0)} C O the connected
component of (0,0). Let us demonstrate that R is a non-compact component. Assume to the contrary that
R is compact. Then there exists an open bounded subset U C O such that

U c O, RcCcU and 9UNS =0.
Hence, for each r > 0

Uz p) & Gr(z,p), V(z,p) € 0U.

Further, for any 0 < r < R, the compact u.s.c. multimaps G, and Gg on U can be joined by the homotopy
Gxr4(1-x) r- For sufficiently large R,

Uz, p) & Grlz,p), Y(z,p) e,
so, Ind (¢,Gr,U) = 0. Therefore, Ind (¢,G,,U) = 0 for all r > 0.
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Now, let A = {u € R¥: (0,u) € U}. From U C O it follows that
A c B¥0,¢).

95

(3.8)

From Lemma 4(a) and the continuous dependence of the number §. on ¢ it follows that we can choose

0 <e<egpand 0 <r <4 such that B, . C U and inclusion
x € Gz, )
has only trivial solutions in the ball B¢ (0,r) for all u € R¥: ¢ < |u| < 0.
From (3.8) and the choice of r,e (we can take r, e sufficiently small) we have
Coin(t,G,,U) == {(z,pn) € U: l(z,p) € Gr(z,1)} C By c.

So, we obtain

0=1Ind(¢,G,.U)=1Ind((,G,,B,.)#0,

that is the contradiction. Thus, R is a non-compact component, i.e., either R is unbounded or R N

00+#0. n

4. Main result

In this section we will use the symbols W}’Z, C defined in Section 2.1 with a remark that n = 2. Now we

study the global bifurcation of solutions of problem (1.1). Assume that
(A1) for each (t,z,p) € [0,T] x R? x R? the set

f(t,Z,-Q,,U) = {f(t,z,y,,u): /S ‘Q}

is convex for every convex subset 2 C R™;
(A2) there exist positive numbers o, g, ¢1, c2 such that ay < ¢ and

Lf(t 2z, 9, )| < ay 2] (lyl + ),
|G(t, 2z, p)| < ag || (14 |p|?),

for (t,z,y,pn) € [0,T] x R? x R™ x R?, where ¢ > 0 is the given number in (1.2);
(A3) F is monotone on K and there exists a > 0 such that

(w,F(w)) > alw® forallw e K.

Lemma 5 (Cf. Proposition 6.2 [33]). Let condition (A3) holds. Then
(a) for every r € R™ the solution set
SOL(K,r+F)={we K: (w—w,r+ F(w)) >0, Vu € K}

is nonempty convex and closed;

(b) |w| < L|r| for all w € SOL(K,r + F),r € R™, where a is the constant from condition (A3).
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Proof. (a) It is clear that for every r € R™ the map r + F is monotone on K. From (A3) it follows that
(w,r + F(w))
|wl
Hence, by virtue of Lemma 3 the set SOL(K, r+F') is nonempty. Since F is continuous the set SOL(K,r+F)
is closed. Let us show that it is convex, i.e., we need to show that for y,z € SOL(K,r + F) and X € [0, 1]

— o0 as |w|| — oo and w € K.

(u=Ay—(1=Nz,r+FAy+(1-A)z)) >0 foralluekK,
or equivalently (see Lemma 1):
(u=Ay—(1=Nz,r+F(u) >0 foraluekK.

In fact, since y, z € SOL(K,r 4+ F) we have

(u—y,r+F(y)) >0 foralluekK,
and

(u—z,7+F(z)) >0 forallu€K,
or equivalently (see Lemma 1):

(u—y,r+ F(u)) >0 foralluc K,
and

(u—z,7+F(u)) >0 foralluec K.
Consequently,

(u=Xy— (1 =Nz, 7+ Fu) =Xu—y,r+F(u)+ (1= XN (u—z7+F(u)) >0
for all u € K.
(b) Now, for w € SOL(K,r + F), by virtue of Lemma 2 we have (w,r + F(w)) = 0. Therefore,
[{w,r)] = [{w, F(w))].
Applying (A3) we obtain
alw|? < ’<w,r>| < |w]|r]|.

So, [w| < Ljr[. m
Define the multimap U: [0,7] x R? x R? — Cv(K),

U(t,z, 1) = SOL(K,G(t, z,u) + F),
and @: [0,T] x R? x R? — Kv(R?)

D(t,z,p) = {A(W)z+ ft,z,y, 1) y € U(t, 2, p) }.

Lemma 6. Let conditions (A1)—(A3) hold. Then & satisfies conditions (F1)—(F4) with a remark that
n=k=2.

Proof. From (A2) and Lemma 5(b) it follows that

1 « . e
It 2wl < ~1G(E 2wl < f |2 (1 + [p]®) (4.1)
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for (t,z,p) € [0,T] x R? x R?. Therefore, the restriction U, of multimap U on any bounded subset
2 C [0,T] x R? x R? is compact. By virtue of Lemma 5(a) U is closed multimap, and hence, it is u.s.c.
Since the maps A and f are continuous the multimap @ is u.s.c., too. So, @ satisfies conditions (F1)—(F2).
Conditions (F3)—(F4) follows immediately from (A2) and (4.1). W

Now, by using Filippov’s Implicit Function Lemma (see, e.g. Theorem 1.5.15 [6] or Theorem 1.3.3 [28])
we can substitute problem (1.1) by the following equivalent problem

{x'(t) € &(t,z(t), 1) for ace. t € [0,T], 42)

Definition 9. By a solution to problem (1.1) we mean a triplet (z,u, u) consisting of a function z € W}’z,
an integrable function u: [0,7] — K and a vector u € R? that satisfies (1.1), or equivalently, by a solution
to problem (1.1) we mean a pair (x, u) € W%’z x R? that satisfies (4.2).

From (A2) it follows that (0, z) is the trivial solution to (1.1) for all 4 € R2. Let us denote by S the set of

all nontrivial solutions to (1.1).

Theorem 2. Let conditions (A1)—(A3) hold. Then (0,0) is a unique bifurcation point for solutions of
(1.1) and, moreover, there is an unbounded subset R C S such that (0,0) € R.

Proof. Firstly, let us show that the family of functions V,,: R* — R,
c
Vu(w) = 5(#1“’% + 2powiwy — leg)’ w = (w1, wz), p=(p1,M2),

is a family of local integral guiding functions for (4.2) at (0,0). In fact, let ¢ > 0 and u € S1(0,€) be
arbitrary. For z € C take any g € Pg(x, 1) (Ps is defined similarly Px). Then there is an integrable function
u: [0,T] — K such that

g(t) = A(p)z(t) + f(t, (), u(t), p) for a.e. t € [0,T].
By virtue of (A2) and (4.1) we have

| (Ve gt = [ (AGa0) Aln)a(o) + (200, ), 1) )t
0 0

T T

Z/ |[A(p)z(t)] dt—/ [A(p)z ()] [, (L), u(t), p)|dt

> |uf® Hf6||2—0|u|/ O] arlz@)[(lu®)] + |p])dt

> [l 2]} — calpf?lal - caglu / (0P % o(e)|°* (1 + |ul=)de

> c(e = ag) [ul* ell3 - - © agalul(1+ ul) 2] |3
Therefore,

T
/(J<VVu(x(t)),g(t)>dt>0

provided

alc—ag)lul .| alc—ay)e

0<|lzlle < © = _
Ielle ac 1+ lu) — \ arac(+em)
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Put
1 a(c—ay)e
2 ozfozg(lJreCQ).

Then §. continuously depends on ¢ and

T
/0 (VV,u(z(t)),g(t))dt >0 provided 0 < [zll¢c < 0. (4.3)

Thus, V), is a family of local integral guiding functions for problem (4.2) at (0,0).
For each € > 0, choose J. as above. Set O, = B* (0, Ve + 53) and consider the map
V.: 0. = R,

Vo(w,p) = {=VVu(w)} x {e — |u’}
= {—(2mwy + 2p2ws), —(2pwy — 2pws), e — |ul?}.

Let us show that ind V), # 0. Toward this goal, consider the following continuous map
H: 0. x[0,1] — R3,
H(w, 1, \) = {=VV,(w)} x {Aw]” + (1 = A\)e® — [uf*}.
Assume that there exists (w, u, ) € 9O, x [0, 1] such that H(w, p, A) = 0, then we have
—-VV,(w) =0,
MNwl? = [uf* = (A = 1),
Jwl? + uf* = £ + &2,
From the second and third equations of the above system it follows that

A2 4 62 24 \52
| |2:577Ls and |M|2:E+7€
1+ A 14+ A

Therefore, w and p are non-zero elements in R?. That contradicts to the first equation of the system. Thus,
H is a homotopy connecting the maps V. = H(-,-,0) and H(-,-,1). By the homotopy invariance property of
the topological degree we obtain

deg(Vz,0.) = deg(H(-,-,1),0;).

On the other hand, the map H(,-,1): R* — R? vanishes only at (0, 0) and the restriction h = —H(-, -, 1)|s3 :
53 — 52 is the Hopf fibration (see, e.g. [27]). Hence,

deg(H(a K ]‘)3078) = deg(H(v Y 1)7?) = deg(_haﬁ) = E[_h] # 07
where X' is defined in Example 1.

Therefore, (0,0) is a bifurcation point for solutions of (4.2). Moreover, from the fact that relation (4.3)
holds true for all € > 0 it follows that (0,0) is the unique bifurcation point for solutions of (4.2). Now, the
application of Theorem 1 ends the proof. W
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