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1. Introduction

We consider the differential variational inequality (DVI) of the following
form

“Dfx(t) = Az(t) + B(t,z(t), z)u(t),t € J :=[0,T], (1.1)
(v —u(t), F(t,2(t)) + G(u(t))) > 0,Yv € K, for ae. t € J, (1.2)
z(s) + h(z)(s) = o(s),s € [-7,0], (1.3)

where z(t) € R", u(t) € K with K being a closed convex subset in R™.
Here “D§, a € (0 1), denotes the Caputo derivative of fractional order «,
x stands for the history of state function up to the time t, i.e. z:(0) =
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z(t+0), 0 € [-7,0]; (-,-) is the inner product on R™, A, B, F,G and h are
given maps which will be specified in Section 3.

The notion of differential variational inequality was firstly used by
Aubin and Cellina [1] in 1984. In their book the authors considered the
problem:

vt >0, z(t) € K,

supye i (' (t) — f(z(1), z(t) —y) = 0, (1.4)
z(0) = o,

where K is a convex closed subset. The problem (1.4) was replaced with
the differential inclusion of the form:

Z'(t) € F(t,z(t)),
z(0) = xo.

Then the solvability of (1.4) can be studied by the topological tools of
multivalued analysis. After this work, the theory of DVIs was considered
and expanded in the work of Avgerinous and Papageorgiou [4] in 1997.
Moreover, Avgerinous and Papageorgiou studied the periodic solutions to
the DVT of the form:

—a/(t) € Ny (z(t)) + F(t,x(t)) for ae. t € [0, ] (1.5)

2(0) = z(b), '
where Ny ;) (2(t)) denotes the normal cone of the convex closed set K(t)
at the point x(t).

However, DVIs were first systematically studied by Pang and Stewart
[25]. DVIs are useful for representing models involving both dynamics
and constraints in the form of inequalities which arise in many applied
problems, for example, mechanical impact problems, electrical circuits with
ideal diodes, Coulomb friction problems for contacting bodies, economical
dynamics and related problems such as dynamic traffic networks. Some
existence results for DVIs can be found in [14, 15, 22] (see also the references
therein).

In the last few years, the theory of fractional differential equations
(FrDEs) has attracted much attention. The FrDEs were proved to be an
effective tool to model realistic problems in fluid flow, rheology, electrical
networks, viscoelasticity, electrochemistry, etc. For complete references, we
send to some significant works, e.g., the monographs of Kilbas et al. [20],
Kiryakova [21], Miller and Ross [23] and Podlubny [26]. As for nonlinear
FrDEs, there have been many studies aimed to investigate the problems of
solvability, controllability and optimal control. Some recent results in these
directions can be found in [3, 6, 7, 8, 13, 19, 24].
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As a matter of fact, system (1.1)-(1.3) can be seen as a control problem
subject to constraints. Though many contributions for FrDEs have been
carried out, up to our knowledge, no attempt has been made to study frac-
tional DVIs appeared as (1.1)-(1.3). In the present paper, by combining
the topological methods and the fractional calculus we study the existence
of solutions to problem (1.1)-(1.3) and the existence of decay solutions to
this problem when J is an infinite interval. Regarding the last objective,
we find a suitable space of solutions and define a regular measure of non-
compactness on this space. This construction enables us to apply the fixed
point theory for condensing multivalued maps to obtain a compact set of
decay solutions z(-) with polynomial decay rate, that is t*||z(¢)|| = O(1) as
t — o0.

The paper is organized in the following way. In Section 2 we recall some
notions and facts from the multivalued analysis and fractional calculus.

Section 3 deals with the existence of solutions to (1.1)-(1.3) on compact
interval and in Section 4 the existence of decay solutions is proved.

2. Preliminaries

2.1. Measure of noncompactness and multivalued maps. Let E be
a Banach space. Denote

P(E)={BCE:B#0},
B(E)={B € P(F) : B is bounded}.

We will use the following definition of the measure of noncompactness (see,
e.g., [2, 18]).

DEFINITION 2.1. A function 8 : B(E) — R* is called a measure of
noncompactness (MNC) in E if

B(co Q) = B(Q) for every Q € B(E),

where ¢o (2 is the closure of the convex hull of 2. An MNC g is called

i) monotone if Qg,Q; € B(E), Qo C ©y implies 5(20) < B(21);
ii) nonsingular if S({a} U Q) = () for any a € E,Q € B(E);
iii) invariant with respect to union with compact set if (K UQ) = 5(Q2)
for every relatively compact set K C E and Q € B(E);
iv) algebraically semi-additive if 5(Qy + Q1) < 5(0) + 5(£21) for any
Qo, Q1 € B(E),
v) regular if 5(£2) = 0 is equivalent to the relative compactness of 2.
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An important example of MNC is the Hausdorff MNC x(-), which is
defined as
x(Q) = inf{e > 0: Q has a finite e-net}.
For a fixed # € R and T > 6, it is known that the Hausdorff MNC on the
space C([0,T];R") is given by
1
D)= —1i t) — 2.1
xr(D) =g limsup e Clle() = ()l (2.1)
where || - || is the Euclidean norm in R™ (see [2]). This quantity is called
the modulus of equicontinuity of D C C([6,T];R™).
Consider the space BC(6,00;R™) of bounded continuous functions on
[0, 0) taking values in R™. Denote by mp the restriction operator on this

space, that is 7p(z) is the restriction of z on [f, T]. Then the function y
defined by

Xoo(D) = suI; xr(mr(D)), D C BC(0,00;R"), (2.2)
T>
is an MNC. One can check that this MNC satisfies all properties given in
Definition 2.1, with the exception of regularity. Indeed, we will testify this
claim by choosing the sequence { fr} € BC(0,00;R) as follows

0, t& [k, k+1],
fe(t) = < 2t — 2k, t €[k, k+ 3],
—2t+2k+2, tek+ik+1].

Then it is obvious that {77 (fx)} is compact (converging to 0 in C'([0,T];R))
for any 7' > 0. However, one sees that

sup | fi,(t) — fi(t)] = 1 for k # [,
>0

and then {fx} is not a Cauchy sequence in BC(0, 0o; R). This fact tells us

that x7(mr({fx}))) =0 for any T > 0 and then xo({fx}) = 0, but {fx} is
non-compact.

We also make use of the following MNCs on BC'(6, co; R™) (see [5]):

dr(D) = sup sup [z(®)]], (2.3)
do(D) = lim dp(D). (2.4)

Let
X*(D) :XOO(D)+dOO(D)‘ (2'5)

Then x* is an MNC on BC(6,00; R™). We now prove its regularity.

LEMMA 2.1. The MNC x* defined by (2.5) is regular.
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Proof Let D C BC(,00;R™) be a bounded set such that x*(D) =
0. We show that D is relatively compact. Let PBC(6, co; R™) be the space
of piecewise continuous and bounded functions on R*, taking values in R".
This is a Banach space with the norm

|zl pBc = sup [[=(2)],
t>0
and contains BC(6,00; R™) as a closed subspace.
For € > 0, since doo (D) = 0 one can choose T' > 0 such that sup,> [|z(t)]| <
E,va € D. This means that
2 €
|z — mr(x)||lpBC < §,V$ €D,

here 7 (z) agrees with a function in PBC(6, co; R™) in the following man-

(z) = z(t), teo,T1],
=0, tsT

Now since 77 (D) is a compact set in C([f, T]; R™), we can write
N

€
T (D) C UIBT(G% 5) (2.6)
1=
where z; € C([0,T];R"),i = 1,..., N, the notation Br(z,r) stands for the
ball in C([#,T]; R™) centered at = with radius r. Put

i(t), t HaT )
sy s, tebT
0, t>T,
then {#;} | belong to PBC(6,00; R™). We now assert that
N
D C | J Bw(dise),
i=1
here By (z,r) is the ball in PBC(6,00;R™) with center x and radius r.
Indeed, if € D then by (2.6) there is a number k£ € {1, ..., N} such that
€
Ier(e) ~ aillc < ¢,
here || - ||¢ is the norm in C([f, T]; R™). This implies
€

|mr(z) — 2kl PBC < 5

Then
|z = ZkllpBe < ||# — 7o ()| PBC + |77 (%) — 21l PBC
€ €
< 4=
Sptp=e
N
Thus © € Boo(Zk,€). We have D C |J Boo(i,€), and hence D is rela-
i=1
tively compact in PBC(6, oo; R™). Since BC'(6, co; R™) and PBC(6, co; R™)
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have the same norm, we conclude that D is a relatively compact set in
BC(0,00;R™). The proof is complete. O

In the sequel, we make use of some notions and facts of multivalued
analysis. Let Y be a metric space.

DEFINITION 2.2. A multivalued map (multimap) F : Y — P(E) is
said to be:

i) upper semicontinuous (u.s.c) if F~1(V) ={y € Y : F(y) NV # 0}
is a closed subset of Y for every closed set V C E;

ii) weakly upper semicontinuous (weakly u.s.c) if F~1(V) is a closed
subset of Y for all weakly closed sets V' C F;

iii) closed if its graph I'r = {(y, 2) : y € Y,z € F(y)} is a closed subset
of Y x E;

iv) compact if F(Y) is relatively compact in E;

v) quasicompact if its restriction to any compact subset A C Y is
compact.

LEMMA 2.2 ([18, Theorem 1.1.12]). Let G : Y — P(E) be a closed
quasicompact multimap with compact values. Then G is u.s.c.

LEMMA 2.3 (]9, Proposition 2]). Let X be a Banach space and §) be
a nonempty subset of another Banach space. Assume that G : Q — P(X)
is a multimap with weakly compact, convex values. Then G is weakly u.s.c
iff {z,} C Q with z,, — x¢y € Q and y,, € G(xy,) implies y, — yo € G(x0),
up to a subsequence.

DEFINITION 2.3. A multimap F : Z C E — P(E) is said to be
condensing with respect to an MNC f (f-condensing) if for any bounded
set {2 C Z, the relation

B() < B(F())

implies the relative compactness of 2.

Let 8 be a monotone nonsingular MNC in E. The application of the
topological degree theory for condensing multimaps (see, e.g., [18]) yields
the following fixed point principle, which will be used to prove the existence
of solutions to (1.1)-(1.3).

THEOREM 2.1. [18, Corollary 3.3.1] Let M be a bounded convex closed
subset of E and let F : M — P(M) be a u.s.c and (-condensing multimap
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with compact convex values. Then the fixed point set Fix(F) := {x =
F(x)} is a nonempty compact set.

2.2. Fractional calculus. Let L!(0,7;R") be the space of integrable func-
tions on [0, 7], taking values in R™.

DEFINITION 2.4. The fractional integral of order @ > 0 of a function
f € LY(0,T;R"™) is defined by
1 t
IS f(t) = =— t—s) ! d
$10) = g | (6= 9" s

where I' is the Gamma function, provided the integral converges.

DEFINITION 2.5. For a function f € CN ([0, T];R"), the Caputo frac-
tional derivative of order a € (N — 1, N) is defined by
t

C na o A N—a—1 ¢(N)
D t) = ——— t ds.
B0 = o= | (= s
Let S(t) = e*4,t > 0, be the semigroup generated by A. Put
Sa(t) = Eq1(t*A), (2.7)
P,(t) = Eq,qa(t%A),
where E, g is the Mittag-Leffler function defined by

Pl = 2 Tk )

Then by [29] we have the representation for S, and P, as follows:
Sa(t)z = / $a(0)S(t40)zdb, (2.9)
0
P,(t)z = a/ 00 (0)S(t*0)zd0, z € R", (2.10)
0

where ¢,, is a probability density function defined on (0, c0), that is, ¢ () >
0 and fooo ®a(0)d0 = 1. Moreover, ¢, has the expression

da(0) = %Z (_0):)!F(na) sin(nma).

(n—

n=1

PROPOSITION 2.1.  If the Cy-semigroup {S(t)}+>0 generated by A is
exponentially stable, i.e., there are positive numbers a, M such that

le" )| < e,
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then [|Sq ()], ||Pa(t)] = Ot~ %) as t — .

P r o o f. By the fact that (see, e.g. [28])
/ ¢a(0)e™d0 = En1(—2),
0
/ afpa(0)e *d0 = By o(—2),

0

we have
[ Sa(t)]l S/ ba(0)5(6t%)[|dO
0

<M / ba(0)e™0d0 = M E, 1 (—at®),
0

[Pa(t)]| < /OOO afga(0)[|S(61)||d6

<M / abB¢a(0)e= 040 = ME,, o(—at®).
0

On the other hand, we have the following asymptotic expansion for E, g
as z — oo (see, e.g., [16]):
Fuglz) = éz(l‘ﬁ)/a exp 2/ e, p5(2) if |argz] < ira,
«, - .
e if [arg(—2)| < (1 - Ja)m,
where
N-T
_ -N
Eap(2) = — nz::l TG —am T O™, a2 = co.
Thus, in our case
1Sa()] < MEq(—at®) = Meq,1(—at®),
[Pa(D)|| < MEq,a(—at®) = Még,q(—at®).
Two last inequalities ensure that || Sy (t)]],]|Pa(t)| = O(t™) as t — oco. The
proposition is proved. O
Consider the linear Cauchy problem

CDya(t) = Ax(t) + f(t),t € J,

x(0) = xo.
By using the Laplace transform for fractional derivative (see [20, Lemma
2.24]), we have

(A" = AN = 2o + F(),
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where 7 stands for the Laplace transform of y € L!(0,00;R™). Then for
A € RT such that A\* € p(A) (the resolvent set of A), we have
FON) = AT — A) L + (A = A) ().

Taking the inverse Laplace transform of the last equation, one has the
following representation of x:

t
z(t) = Sa(t)xo + / (t — ) 1P, (t — s) f(s)ds, (2.11)
0
thanks to the fact that

—

Sa(h) = A (A - )7
() TPa(h) = (A = )7

3. Existence result on compact intervals
Denote
Cr = C([0,T|;R"),
Cr = C([-7, 0 R"™),
C=C([-,T);R").
Let xr and x, be the Hausdorff MNCs on C and C, respectively. In the

formulation of problem (1.1)-(1.3), we assume that

(H1) A is a linear operator on R™.
(H2) B: [0, T xR" x Cr - R™™ F:[0,T]xR" - R™, G: K — R™,
and h : C — C; are continuous maps such that
(1) there exist ng € LP(0,T),p > é, and a non-decreasing contin-
uwous function Wp such that

1B, v, w)|| <np(H)¥s([v] + [[w]c,)

for allv e R™ w € C;;
(2) there is a positive number ng such that |F(t,v)|| < np for all
t €[0,T) and v € R";
(3) G is monotone on K, that is
(u—v,G(u) —Gv)) >0, Yu,v € K;
(4) there exists vo € K such that
0w GE)
veK [oljwoo 0]

(5) there is a non-decreasing continuous function Wy, such that

()l < Wn(llzle), Yo € C;
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(6) there exists np, > 0 such that

X (h(Q)) < nxr(9),
for all bounded sets 2 C C.

REMARK 3.1. Let us give some comments on assumption (H2)(6). As
mentioned in [18], this condition is satisfied if h is a Lipschitz function.
Precisely, if

|h(z1) — h(z2)llc, < nnllzr — 22]lc,

then (H2)(6) is true. On the other hand, in the non-delay case (7 = 0), we
can remove this assumption. Indeed, if 7 = 0 then h(Q) is a bounded set
in R™ thanks to (H2)(5) and so it is relatively compact. Then (H2)(6) is
fulfilled with ny, = 0.

Motivated by formula (2.11), we have the following definition.

DEFINITION 3.1. By a mild solution to (1.1)-(1.3) on [—7,T], we mean
a function z € C, for which there exists an integrable function v : J — K
such that

x(t) = Sa(t)[p(0) — h(z)(0)] —l—/o (t —5)* 1Py (t — 5)B(s,z(s), zs)u(s)ds,

teJ
(v —u(t), F(t,z(t)) + G(u(t))) > 0, forae.tecJ, YveK,
z(s) + h(z)(s) = @(s), s € [-7,0].
Now for a given mapping @ : R™ — R™., we denote
SOL(K,Q)={ve K :{(w—v,Q{))>0,Ywe K}. (3.1)

Due to [25, Proposition 6.2], one has the following result.

LemMA 3.1 ([25]). Let (H2)(3)-(H2)(4) hold. Then for every z €
R™, the solution set SOL(K,z + G(-)) is non-empty, convex and closed.
Moreover, there exists ng > 0 such that

[0l < na(L+|[=]), Vv € SOL(K, z + G()). (3.2)

In order to solve (1.1)-(1.3), we convert it to a differential inclusion.
Let

U(z) =SOL(K,z+ G()), z € R™.
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Then it is easy to verify that U : R™ — P(R™) has closed convex values.
In addition, U is a closed multimap. From (3.2) we see that U is locally
bounded, then it is u.s.c.

Now we define @ : J x R" x C; — P(R") as follows:
O(t,v,w) = {B(t,v,w)y : y € U(F(t,v))}. (3.3)

Since U has closed convex values, so does ®. Furthermore, thanks to the
continuity of B and F', the composition multimap & is u.s.c. For x € C, we
denote

Po(x) ={f € LP(J;R™): f(t) € ®(t,x(t), ;) for a.e. t € J}.
It turns out that the solution of (1.1)-(1.3) is given by
2(t) = Sa(t)[p(0) — h(z)(0)]

+ /t(t —5) L P,y (t — 5)f(s)ds, f € Po(x), t€J, (3.4)
0
z(t) + h(z)(t) = ¢(t), t € [-7,0]. (3.5)
Let W : LP(J;R"™) — Cr be the operator defined as

Wﬁxwzéﬁ—ﬂﬁ*&@—ﬁﬂﬁw- (3.6)

We are now in a position to define the solution multioperator 2 : C — P(C)
as follows: for given ¢ € C,

w90~ @), tel-n0]
(z)(t) = ,
{Sa()[e(0) = h(x)(0)] + W(f)(t) : f € Pa(x)}, teJ
(3.7)
Then = € C is a solution of (3.4)-(3.5) iff x is a fixed point of ¥. We will
apply Theorem 2.1 to show that Fixz(X) # (). At first, we have to prove
some necessary properties of the solution multioperator.

Using Lemma 2.3, we show that Pg is weakly u.s.c.

LEMMA 3.2. Under the assumptions (H2)(1)-(H2)(4), P is well-
defined and weakly u.s.c.

P r o o f. Using the assumptions and the result of Lemma 3.1, we get
|0t v,w)| = sup{2] : = € B(t, v, w)}
< [|1B(t,v,w)l[na(1 + [[F(t,0)])
< na(1+nr)nst) Ya([vll + [lwlc.)- (3.8)
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Since @ is u.s.c with compact convex values, the multimap A(t) = ®(t, z(t),
xy) is (strongly) measurable due to [18, Proposition 1.3.1]. Thus by [18,
Theorem 1.3.1], it has the Castaing representation (see [18, Definition
1.3.3]) and hence Py (z) # () for x € C.

To prove the second assertion, we use Lemma 2.3. Let {zx} C C
be such that z; — z*, fir € Po(zr). We see that {fx(t)} C C(t) :=
O(t,{zk(t), (rr)}), and C(t) is a compact set for each t € J. Further-
more, by (3.8) the sequence {f} is integrably bounded (i.e., bounded by
an LP-integrable function). Therefore {fx} is weakly relatively compact in
LP(J;R™) (see [10]). Let fr — f*. Then by Mazur’s lemma (see, e.g. [11]),
there are f € co{f; : i > k} such that f, — f* in LP(J;R") and then
fr(t) = f*(t) for a.e. t € J, up to a subsequence. Observe that in our case,
the upper semicontinuity of ® yields that

(b(tv xk(t)’ (xk‘)t) - (I)(tv x*(t)v QZI) + B,

for all sufficiently large k, here ¢ > 0 is given and B, is the ball in R”
centered at origin with radius €. So

fr(t) € ®(t,z*(t),x}) + Be, for ae. t € J,

and the same inclusion holds for fi(¢) thanks to the convexity of ® (¢, z*(t),
xf) + Be. Hence, f*(t) € ®(t,x*(t),z;) + B for a.e. t € J. Since € is
arbitrary, one gets f* € Pg(2z*). The lemma is proved. O

PRrOPOSITION 3.1 ([27, Lemma 1]). Let P(t,s) be a family of linear
operators on R" for t,s € J,s < t. Assume that P satisfies the following
conditions:

(P1) there exists a function p € L1(J;R),q > 1 such that |P(t,s)| <
p(t —s) for all t,s € J,s <t;

(P2) ||P(t,s) — P(r,s)|| <efor0<s<r—er<t=r+h<T with
e=¢€(h) »0ash—0.

Then the operator S : LY (J; R™) — C(J;R™) defined by

(Sg)(t) == /0 P(t, 5)g(s)ds

maps any bounded set to an equicontinuous one, where ¢' is the conjugate
fg:-L14+ 1L _—1
ofq: 4+ .

LEMMA 3.3. The operator W defined by (3.6) is compact.
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Proof. We show that W(Q) is relatively compact in Cp for any
bounded set 2 C LP(J;R™). Obviously, W(Q)(t) is bounded for each t € .J.
Moreover, the operator

Qt,s) = (t — s)aflpa(t —5)

satisfies the assumption of Proposition 3.1. Then it follows that W () is an
equicontinuous set. Therefore the conclusion follows by the Arzela-Ascoli
theorem. O

Now we can show some properties of the solution multioperator X.

LEMMA 3.4. Let (H1), (H2)(1)-(H2)(4) hold. Then the solution mul-
tioperator ¥ is quasicompact and closed.

P r oo f. Since h is continuous and W is compact, it is easy to check
that X(K) is relatively compact for any compact set K C C. So it is a
quasicompact multimap.

Now let {zy} C C,xx — z*,yr € X(wg) and yr, — y*. We will verify
that y* € 3¥(z*). Take f € Po(x) such that

yr(t) = @(t) = h(ap)(t),t € [-7,0], (3.9)
yr(t) = Sa(t)[p(0) — h(zx)(0)] + W(fi)(t),t € J. (3.10)

Since Pg is weakly u.s.c and {z}} is compact, {fx} is weakly compact and
one can assume that fi, — f*in LP(J;R™). Moreover, f* € Pg(z*). By the
compactness of W, we obtain W (fx) — W (f*) in Cr. Taking the limits of
(3.9)-(3.10) as k — oo, we get

y*(t) = ¢(t) — h(z*)(t), ¢ € [-7,0],
y*(t) = Sa(t)[p(0) = h(z")(O)] + W(f*)(t), t € J, f* € Pa(z").

Thus y* € ¥(x*). The proof is complete. O

LEMMA 3.5. Assume (H1)-(H2). If n,SE < 1 then X is xr-condensing,
here SL = sup ||S4(t)||-
ted
Proof Let D CC beabounded set. Then we have

X(D) = Ei(D) 4 X2(D),

where
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&@Mw:{&NWMm—h@mm,teL

o(t) — h(z)(t), te[-7,0];
Sa(@)(t) = {({)W(f)(t)  f € Po(2)}, z i ,[],T .

By the algebraic semi-additivity property of xr, we have
xr(E(D)) < x7(X1(D)) + x1(E2(D)). (3.11)
For z1, z9 € 31(D), there exist x1,z9 € D such that
o Sa(t)[QO(O) - h(xl)(o)]v te J7
Zl(t) =
p(t) — h(z1)(t), te[=70],
@@_{&@WW%W@MWLtEL

o(t) — h(z2)(t), t € [—T,0].
Then
B Sa@Ih) — haa)le,, te )
a0 Q@HS{M@o—humwﬂ te-r,0,
Therefore

l21 = z2llc < Sallh(z1) — h(z2)|c, .

thanks to the fact that ST > 1. This implies
X1 (F1(D)) < SEx-(h(D)).
Employing (H2)(6), we have
xr(Fi(D)) < mSq xr(D). (3.12)

Concerning ¥, we first observe that Pg(D) is bounded due to estimate
(3.8). Then using the compactness of W, we see that ¥o(D) is a relatively
compact set. Then y7(X2(D)) = 0. Combining (3.11)-(3.12), we have

xr(S(D)) < muSy xr (D).
Now if x7(D) < x7(2(D)) then x7(D) < npSL x7r(D). This implies

x7(D) = 0, thanks to the assumption that 1,S. < 1. By the regularity of
xT1, we have that D is relatively compact. The proof is complete. O

Now we can state the main result of this section.
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THEOREM 3.1. Assume (H1)— (H2). Then problem (3.4)-(3.5) has at
least one mild solution on [—7,T] provided n,SL < 1 and

\I/hr(r) +na(1+ nF)\IIBim

lim inf | ST
7—00

X?E?/o (=)~ | Pa(t—5)Ins()ds] < 1. (3.13)

P ro o f. The assumption 7,5, < 1 ensures that ¥ is yp-condensing.
In addition, by Lemma 3.4 and Lemma 2.2, ¥ is u.s.c. In order to apply
Theorem 2.1, it suffices to show that there exists R > 0 such that 3(Bgr) C
Bpg, where Bp is the ball in C centered at origin with radius R.

Assume to the contrary that there exists a sequence {xy} C C such that
lzkllc < k and yi € 3(xg) such that ||ykllc > k. By the definition of ¥,
one can take fi € Pg(xy) such that

yk(t) = o(t) = h(zp)(t), ¢ € [-7,0],
yk(t) = Sa(t)[p(0) = h(xk)(0)] + W(fi)(t),t € J.
Then for ¢t € [—7,0] we have

lyx (DI < llelle. + 1h(ze)ll o
< llelle, + Crlllzklle) < llelle, + Un(k)
thanks to (H2)(5). For t € J we get

lye @)1 < 83 (llelle, + alzr)llc, ) + Sup W (fr) (@)l

t
< SHelle, + Tnlllzklle)] + sup/ (t— ) | Pa(t — 9)|| | fx(s) | ds
teJ JO
< SHellc, + ©nk)]

t
+n6(1+1r)Vp(2k) Sug/ (t = 8)* " HIPa(t = )ln(s)ds,
te 0

thanks to estimate (3.8). Since ST > 1, we obtain

lyklle < S llelle k) e (Hr) ¥ 5 (2k) ilel?/o (t5)" 7| Pa(t=s) In5(s)ds.

Then

——
k—o0 k

. Uy, (k U (2k t o
< lim inf[ST A )—i—nc(l—i-np) 5 )Sup/ (t—5)>Y| Py (t—5)|Inp(s)ds].
k—00 k teJJo
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1Yk lle

Thus lién inf < 1 due to assumption (3.13), and we get a contradic-
—00

tion. The proof is complete. O

4. Decay solutions

For a positive number v, denote
BC, ={x € C([—7,00); R") : t7||z(t)|| = O(1) as 0 < t — oo}.

Then BC, is a subspace of BCy, here BCy := BCy([—7,00);R") is the
space of continuous functions on [—7, c0) vanishing at infinity. It should be
noted that BCy with the sup norm

[z][oe = sup [lz(t)],
t>—T1

is a Banach space. In this section, we prove the existence of solutions to
(3.4)-(3.5) in BC,. We need the following additional assumption:

(H3) there exists a > 0 such that (—Az, z) > al|z||? for all z € R™.

In addition, we replace (H2) with a stronger one:

(H2’) The functions B, F, G and h satisfy (H2) for allT > 0, with Up(r) =
r and V(1) = vpr, where vy, is a positive number.

We first have the following lemma.

LEMMA 4.1. Let the hypotheses (H1), (H2’) and (H3) hold. Then
there exists p > 0 such that ¥(B,) C B, provided that

t
Un S+ 206 (1 +np)sgg/ (t— )" Y Pa(t — $)llnp(s)ds <1,  (4.1)
t> 0

where B, is the closed ball in BCy([—T,00); R™) with center at origin and
radius p, and Sg° = sup ||Sa(t)]|-
>0

P r o o f. The proof is similar to those as in the proof of Theorem 3.1,
but now with Up(r) = r and ¥y(r) = vpr. O

Taking p from Lemma 4.1, we consider the following bounded closed
and convex set in BCy([—7, 00); R™):

B (R) = B,N{z € BC, : t*[|z(t)[| < R, Vt > 0}. (4.2)
LEMMA 4.2. Let the hypotheses (H1), (H2’) and (H3) hold. Then
there exists R > 0 such that
%(B;(R)) € Bj(R),
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provided that (4.1) is satisfied and

t

sup/2 (t —5)* Inp(s)ds < oo, (4.3)
>0 Jo

t
22" (1 +np) iggﬂ (t = 8)*HIPa(t = )lns(s)ds < 1. (4.4)

2
P roof. By (H3), we have
et < et > 0.

So it follows from Proposition 2.1 that || So(t)|], || Pa(t)|| = O(t~%) as t — oo.
Assume to the contrary that for each n = 1,2, ... there exist z, € By (n)
and y,, € 3(x,) with
sup t|lyn ()| > n. (4.5)
>0

Then one can find f,, € P@(x;) such that
¢
yn(t) = Sa(t)[p(0) = h(zn)(0)] + / (t =) Pa(t — 5) fu(s)ds, ¥t > 0.
0
Using (H2’) and estimate (3.8), we have

lyn (DI < [[Sa@I(I¢lle, +vallzallo)

+na(1 +1F) /O (t = )7 HIPa(t = 5)lIns(s)(lzn ()] + 1 (zn)sllc, )ds

= N(t) +ne(l+nr)[2(t) + I3(2)], (4.6)
where

L(t) = I1Sa@[(Iello, +vallznlleo),

1
2

) Palt = 8)llns(s)(lzn(s)ll + ll(@n)slic, )ds

| |
\

)M Pat = $)llns(s)(lzn(s)ll + ll(@n)sle, )ds

O(t ) as t — 00, we have
Sup t* 1 (t) < Sa(llelle. +vnp), (4.7)

T
I m»\

Since ||.Sq(t)

where S = supt®||S,(t)||. Considering I5, we have
t>0

— .t

I(t) = /02 (t = ) HIPa(t = 5)lIns(s)(lzn ()]l + I (zn)sllc, )ds

N+

< 29/0 (t = 5)* [ Palt = 5)In5(s)ds. (4.8)
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For s < %, one has
t —
|Pa(t —s)|| < C(t—s)"*<C <2> , for some C' > 0. (4.9)

Hence it follows from (4.8)-(4.9) that

OIS

supt*Iy(t) < 2 pC sup/ (t — ) Inp(s)ds, (4.10)
t>0 t>0 J0

where the last term is finite due to (4.3). Now one observes that t||z,(¢)|| <
n for any t > 0. Then for any ¢ > 0 and t > 7 + o, we get

el (@n)ille, =t sup lza(t+ Q)
CG[*T,O]

=t% sup (t+ ) “(t+ Q) |zn(t+ Q)
¢e[—,0]

<ttt —7)"" sup (t+Q)*lznlt + )l
CE[-7,0]

(07
§n<T+0> '
o

For ¢t € [0,7 4 o] we have t%||(xn)¢||c, < (T + 0)*p. Then

T+ o

“l(@n)ellc, < n( ) (r 4 o), Vi 0.

The last inequality allows us to estimate I3 as follows

t413(t) = taﬂ s~ (t=5)" " | Pat=5)llnp(s)(s* [an(s)ll+5 [l (zn)sllc, )ds

2

< 2%2,(0) / (t—5)""1]| Pa(t—s)Ins(s)ds, (4.11)

2
where

T+ o0

zn(a)—n—i-n( >a+(7+a)ap.
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Taking (4.6) into account and using (4.7), (4.10) and (4.11), we arrive at

1 1
lim —supt®|[y,(t)[| < lim — [Suptah(t) +nc (1 +nr) supt®Ix(t)
n—=00 N >0 n—=00 M | >0 t>0

1
T lim Syg(1+ np) sup T (2)
n—,oo N, t>0

. 1
= 77(;(1 + 77F) nhﬁl{.lo ﬁ i[>110) taI3(t)

<o [14 (TE7) ot e ysup [ I (o

1
By (4.4), one can choose o > 0 such that lim —supt®|y,(¢)|| < 1 which
>0

n—oo n

contradicts (4.5). The proof is complete. O

By the last lemma, from now on one can consider
¥: BJ(R) = P(B;(R)).
We need the condensivity property of X.

LEMMA 4.3. Let the hypotheses of Lemma 4.2 hold. Then ¥ is x*-
condensing provided 1 Sg° < 1, where Sg° = sup;>q ||Sa(t)]|-

Proof. Let D C BJ(R) be a bounded set. Recall that x*(D) =
Xoo(D) + doo (D), where xoo and do, are defined by (2.2) and (2.4), respec-
tively. By the same arguments as in the proof of Lemma 3.5, we have

xt(mr(X(D))) < nn sup [|Sa(t)|xr(wr (D)), VT > 0.
te[0,7
Therefore
Xoo(E(D)) < M8 Xoo (D). (4.12)
In the rest of the proof, we will show that d(3(D)) = 0. Obviously, for
any y € X(D) we have |ly(t)|| < Rt~ for all t > T > 0. So

sup [ly(¢)[| < RT™*.
t>T

This implies dr(D) < RT~%, and hence doo(D) = lim dp(D) = 0. This

T—o0

assertion together with (4.12) yields
X" (2(D)) < mSa*x* (D).

Since x* is regular due to Lemma 2.1, the last inequality guarantees that
3 is x*-condensing as desired. O
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LEMMA 4.4. Let the hypotheses of Lemma 4.2 hold. Then % :
By (R) — P(By(R)) is u.s.c.

Proof Weapply Lemma 2.2 again. We first show the closedness of
3. Let z € BY(R),z — x*, yx € X(zx) and yx — y* in By(R). We prove
that y* € ¥(x*), i.e.
y*(t) € B(z*)(t),Vt € RT.
Let ¢ > 0, then taking T" > t and arguing as in the proof of Lemma 3.4, we
get that X is closed.
It remains to check the quasi-compactness of X. Let K C Bj(R) be

a compact set and {yx} C X(K). Then there exists {x} C K such that
yr € X(xg). Let fi € Po(xy) be such that

yk(t) = So(t) - h(xk)(t)v te [77—7 O]a
Yk(t) = Sa(t)z(0) + W(f)(t), t > 0.

Obviously, for all T' > 0 we have that {77 (yx)} is relatively compact. There-
fore

Xoo({Ur}) = sup xr({mr(yx)}) = 0. (4.13)

Since y, € By (R), by using the same arguments as in the proof of Lemma
4.3 we obtain

doo({yx}) = 0. (4.14)

It follows from (4.13)-(4.14) that x*({yx}) = 0. Then {y} is relatively
compact, thanks to Lemma 2.1.

Finally, the closedness and quasi-compactness of ¥ imply that this op-
erator is u.s.c on By(R). O

The following theorem is our main result.

THEOREM 4.1. Let the hypotheses of Lemma 4.2 hold. If n;,S3° < 1
then the problem (3.4)-(3.5) has a compact set of solutions on [—T,00)
satisfying

tz(t)|| = O(1) as t — oc.
Proof If n,S5° <1 then ¥ is x*-condensing due to Lemma 4.3. By

Lemma 4.4, 3 is u.s.c. Employing Theorem 2.1 again, we get the conclusion.
O
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